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A l~r let - - In  the present paper the notion of stability of linear impulsive differential equations at fixed 
moments is made more precise. 
1. INTRODUCTION 
In relation to numerous applications in science and technology in the recent years the theory of 
impulsive differential equations develops intensively [1-12]. In the present paper the notion of 
stability for linear impulsive differential equations at fixed moments is made more precise. One of 
the important properties of stability is investigated, namely that it is not destroyed under small 
perturbations of the coefficient and impulse matrices. 
2. PREL IMINARY NOTES 
Let to< t~ <- . .  < t i<" ' ,  lim t~= • as i~m,  be a given sequence of real numbers. 
Consider the linear impulsive differential equation at fixed moments 
dx 
dt A (t)x, t ~ ti, 
x(t, + O) = B,x(t~), i = 1, 2 . . . . .  
(l) 
where the (n x n)-coefficient matrix A(t)  is piecewise continuous in the interval [to, + oo) with 
points of discontinuity of the first kind at t = t~, i = 1, 2 . . . . .  and the impulse matrices Bi, 
i = 1, 2 . . . . .  are constant. The underlying vector space is R" or C'. 
The solutions x(t)  defined in the interval [tk + O, + 00) are continuously differentiable for t # t; 
with points of discontinuity of the first kind at t = t~, i > k. 
The fundamental matrix X(t ,s)  of equation (1) for t ~>s, t e[tm+0, tin+l], s e[t/_l +0,  t/], 
m >_-j- 1, admits the representation 
X(t, s) = U(t)U-l(tm + O)Bm U(tm)" " U-'(tj + O)B/U(tj)U-'(s), (2) 
where U(t) is the fundamental matrix of the equation dx/dt = A(t)x. The fundamental matrix 
X(t, s) is invertible if and only if the impulse matrices B~, j ~< i ~< m, are nonsingular. 
Definition 1 
The linear impulse differential equation (1) is said to be stable if for any positive number c and 
for any s ~ [to, + oo) there exists a positive number 6 such that for any solution x for which 
[x(s)l < 6 the inequality Ix(t)[ < E holds for t ~>s. 
Definition 2 
Equation (1) is said to be uniformly stable if for any positive number E there exists a positive 
number 6 such that for any s ~ [to, + oo) and for any solution x such that I x(s)l < 6 the inequality 
[x(t)[ <E holds for t >~s. 
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3. MAIN RESULTS 
Denote by Lk, k = 0, 1, 2 . . . . .  the linear space of the solutions x(t) of equation (1) defined in 
the interval [tk + 0, + oo). For any solution x ~Lk- ~ denote by rk(x) its restriction to the interval 
[tk + O, + CO), i.e. rk: Lk-,--" Lk. If the impulse matrix Bk is nonsingular, then the restriction rk is 
an isomorphism. If the impulse matrix Bk is singular, then the restriction rk is neither injection, since 
a merging of the solution at the point tk + 0 is observed, nor surjection, since some solutions of 
Lk cannot be continued to the left. The classical Definitions 1 and 2 are valid for ordinary 
differential equations without impulses as well. For the linear impulse differential equations at fixed 
moments, due to the presence of such phenomena as merging of the solutions and noncontinuabil- 
ity it is appropriate to introduce new definitions of stability which take into account he specific 
character of this class of ordinary differential equations. 
Definition 3 
Equation (1) is said to be stable if for any number k, k = 0, 1, 2 . . . . .  there exists a positive 
constant Nk such that for any solution x ~ Lk the following inequality should hold: 
Ix(/)l <~NklX(tk+O)l, for t /> tk+0. (3) 
Definition 4 
Equation (1) is said to be uniformly stable if there exists a positive constant N such that for any 
number k, k = 0, 1, 2 , . . . ,  and for any solution x e Lk the following inequality should hold: 
Ix(t)l<<.NIx(s)l, for t >~S >~tk+O. (4) 
Definition 5 
Equation (1) is said to be weakly stable (weakly uniformly stable) with respect o the space of 
solutions Lk if inequality (3) [inequality (4)] is valid only for the solutions x e Lk, where k is a fixed 
nonnegative integer. 
Proposition 1 
Definition 3 is equivalent to Definition 1. 
Proof. By Definition 1 for any positive number E and for any s = tk + 0, k = 0, 1, 2 . . . .  , there 
exists a positive number ~ (possibly depending on e and k) such that for any solution x ~ Lk for 
which [X(tk + 0)1 < ~ the inequality Ix(t)[ < E holds for t >>, tk + O. Since equation (1) is linear, if 
x is a solution, then ~ = ?x, where ? is a constant, is a solution too. Then for any solution x e Lk 
there exists a positive constant c such that c lx (tk + 0) 1 = 6/2. For the solution cx (t) the inequality 
Icx(t)l < E is valid, i.e. c I x(t)l < e. (2c/6)[X(tk + 0) 1. If we set Nk = 2E/t~, we obtain that there exists 
a positive constant Nk such that for any solution x ~ Lk the inequality Ix (t) l ~< Nklx (tk + 0) l is valid 
for t >i t k + O, i.e. Definition 3 is satisfied. 
Conversely, let E be an arbitrary positive number and let s ~ [tk + 0, t, + ,]. By the inequality of 
Grownwall-Bellman 
IU(tk + O)U-'(s)l <<, exp IA(O)l dO. 
k 
Choose 6 = cN~ -t exp(-  ~,~ I A (0)1 d0), where Nk is the constant of Definition 3. For any solution 
x e Lk such that Ix(s)[ < 6 we obtain 
(f ) IX(t) l<~Nklx(tk+O)l=NklU(tk+O)W-l(s)x(s) l<Nkexp ]A(O)ldO. 6=E,  
\o ,4 
i.e. Definition 1 is valid. 
Proposition 2 
Definition 4 is equivalent to Definition 2. 
Proof. By Definition 2 for any positive number E there exists a postive number 6 such that for 
any s e [to, + oo) and for any solution x such that Ix(s)l < ~ the inequality Ix(t))l < * is valid for 
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t I> s. Set N = 2efit. Let s e[t~+ 0, tk+~] k = 0, 1, 2 , . . . .  For any solution x eLk there exists a 
positive constant c such that c lx(s) l=$/2.  Then Icx(t)[ <e =(2e/$) lcx(s) l=cNIx(s) l ,  i.e. 
[x(t)l <<,Nlx(s)l for t ~>s. 
Conversely, let e be an arbitrary positive number and choose di = e IN, where N is the constant 
of Definition 4. Then Definition 2 follows directly from inequality (4). 
Proposition 3 
If equation (1) is weakly stable (weakly uniformly stable) with respect o the space Lk, then 
equation (1) is weakly stable (weakly uniformly stable) with respect o the spaces L;, 0 ~< i ~< k, as 
well. 
Proof. Let ak=expS',~_~lA(O)ldO. By the inequality of GronwaU-Bellman for any 
• 1, ~2 e Irk_ l + 0, tk] the inequality [U(~l)U-I(~c2)l <~ ak is valid. 
Let equation (1) be weakly stable with respect o the space Lk. For any solution x e Lk_ 1 its 
restriction to the interval [tk + 0, + ~)  belkongs to Lk and by Definition 5 for any t >i tk + 0 we 
have 
Ix(t)l ~< Nklx(tk + 0)l = NklBkU(tk)U-l(tk-t + O)x(tk_ t+ 0)] <~ NklBklaklx(tk_~ + 0)l. 
If t e Irk_ t + 0, tk], then 
I x (t)  [ = U(t )  U -  l(tk_ I + O)x(t k_ l + O) [ <~ ak [ x(tk_ l + O) I. 
Choose Ark_ ~ ----- max(ak, akNkl Bk[) and obtain that equation (1) is weakly stable with respect o the 
space Lk_ ~ as well. 
The assertion is proved in an analogous way when equation (1) is weakly uniformly stable with 
respect o Lk. For any solution x e Lk_ ~ its restriction to the interval [tk + 0, + ~)  belongs to Lk 
and for t I> s I> tk + 0 inequality (4) is valid. If tk_ i + 0 ~< s ~< tk < t, then 
Ix(t)l ~< glx(tk  + 0) l = NIBk U(tk)U-I(S)X(S)[ <<. NlBklaklx(s)l. 
I f  tk_ ~ + O <<. s <<. t <~ tk, then 
Ix(t)l = I U(t)U-~(s)x(s)l ~ aklx(s)l. 
Hence, choosing ~7 = max(ak, akNlBkl), we obtain that equation (1) is weakly uniformly stable 
with respect o the space Lk_ l as well. 
Proposition 4 
Let equation (1) be weakly stable (weakly uniformly stable) with respect o L k _ ! and let the 
impulse matrix Bx be nonsingular. Then equation (1) is weakly stable (weakly uniformly stable) 
with respect o Lk as well. 
Proof. Since the impulse matrix Bk is nonsingular, then each solution of Lk is a restriction of 
a solution of Lk- t- Hence, if equation (1) is weakly uniformly stable with respect o Lk_ ~, then 
equation (1) is weakly uniformly stable with respect o Lk as well. 
Let equation (1) be weakly stable with respect o Lk-i .  Then for t >1 tk+ 0 we have 
Ix (t)l <<. Nk_ , I x(tk_l + 0) 1 --- Nk- l I U(tk-i )U-I(tk)B[ Ix (tk + O) l 
(; '  ) <gk_llB~-~l exp IA(O)ldO Ix(tk+0)l.  
k- I  
Choose 
f / '  
Nk = Nk_j lB~lexp IA(O)ldO 
k- I  
and obtain that equation (1) is weakly stable with respect o the space Lk as well. 
Proposition 5 
Let the impulse matrices B i, i = 0, 1, 2, . . .  of equation (1) be nonsingular. If equation (1) is 
weakly stable (weakly uniformly stable) with respect o some fixed space Lk, then equation (1) is 
stable (uniformly stable). 
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Proposition 5 is a corollary of Propositions 3 and 4. 
Remark 1 
When the impulse matrix B, is singular, then it is possible for the equation to be weakly uniformly 
stable with respect o Lk_ ~ but not to be weakly stable with respect o Lk. We shall illustrate this 
by the following example. 
Example 1 
Let t~ = i, i = 0, 1, 2 . . . .  and consider the scalar equation 
dx 
d--/= x, t ~ ti, 
x(t~+O) = B~x(t~), i = 1 ,2 , . . . ,  
where 
f0, for i= l ,  
Bi= 1, for i~>2. 
It is immediately verified that the equation is weakly uniformly stable only with respect o the 
space L0. The equation is not weakly stable with respect o any of the spaces Lk, k t> 1. 
Remark 2 
If in Example 1 we define the impulses by the equality 
0, for i=10 j+ l ,  
Bi= 1, for i¢10 j+ l ,  j - -0 ,1 ,2 , . . . ,  
then the equation becomes uniformly stable with a constant N = exp 10. 
Remark 3 
If in Example 1 we define the impulses by the equality 
0, for i= j : ,  
B i=  1, for i~ j  2, j= l ,2  . . . . .  
Then the equation is stable but is not uniformly stable since it is weakly stable with respect o the 
spaces Lk2 with a minimal constant 
Nk2 = [x((k + .1)2)[= exp[(k + 1) 2 -  k 2] = exp(2k + 1). 
Ix(k 2 + 0)1 
Obviously, Nk2 = exp(2k + 1) ~ oo as k ~ ~.  
Proposition 6 
If equation (1) is stable, then its fundamental matrix for t/> s and s ~ [tk + O, tk+ I] satisfies the 
inequality 
IX(t, s)l ~< N(s), (5) 
where 
N(s) = NkeX p Ia(0)l dO (6) 
k 
and I" I is the matrix norm induced. 
Proof. By Definition 3 for any solution x eLk inequality (3) is valid. But x ( t )= 
X(t, tk + O)x(tk + 0) and for the matrix X(t, tk + 0) there exists a unit vector q (possibly depending 
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on t and k) such that IX(t, t~ + 0)1 = IX(t, t, + 0)t/t [13, Section 6.3]. Choose x(tk + O) = tl and 
obtain that 
IX(t, t k -t- 0)1 = IX(t, tk + 0)r/I = IX(t, tk + O)x(tk q- 0)l = Ix(t)l ~< Nklx(tk + 0)1 = Nk. 
By the inequality of Gronwall-Bellman I U(tk + 0)U-I(s)[ ~ < exp S[k I A (0)1 d0. Hence 
IX(t,s)l=lX(t, tk+O)U(tk+O)U-t(s)l<~Nkexp IA(O)ldO =N(s). 
k 
Proposition 7 
If equation (1) is uniformly stable, then its fundamental matrix for t i> s 1> to satisfies the 
inequality 
IX(t,s)l <<. N. (7) 
Proof Let s ¢ [tk + 0, tk + I ], k = 0, 1, 2, . . . .  By Definition 4 for any x ~ Lk inequality (4) is valid. 
For the matrix X(t,s) there exists a unit vector r/ (depending on t and s) such that 
IX(t, s)[ = IX(t, s)q[. Since x ~Lk, then we can choose x(s) = ~/provided we have chosen the initial 
value X(tk + O) = U(tk + O)U-~(s)~l. then 
IX(t, s)l = IX(t, s)x(s)l = Ix(t)l ~< Nlx(s)l = N. 
By means of Propositions 6 and 7 we shall prove that stability and uniform stability have the 
important property to be preserved under small perturbations of the coefficient and impulse 
matrices. 
Together with equation (1) consider the perturbed equation 
f dy = (A(t) + A(t))y, t ~ ti, 
dt (8) 
y(t, + O) = (B, + ~)y(t,), i = 1, 2 . . . .  , 
where the matrix ,~(t) is piecewise continuous on the interval [to, + ~)  with points of discontinuity 
of the first kind at t = t~, i = 1, 2 , . . . ,  and the matrices/~i,  = 1, 2 . . . . .  are constant. 
Proposition 8 
Let equation (1) be stable. If 
N(O)l/7(O)ldO<oo and NjI~jl < oo, 
0 j= l  
where the function n(O) is defined by formula (6), then the perturbed equation (8) is stable too. 
Proof. Let y(t) be a solution of equation (8) defined in the interval [tk + 0, + oo) and let 
t ~[tm+ 0, tin+l], m >.k. Then 
y(t)= X(t,t, +O)y(t, +o)+ ft] x(t,O)X(O)y(O)dO +j=,+,~ X(t,t/+O)~y(tj). 
In view of Proposition 6 we obtain the estimate 
<~ Nkly(tk + O)l + f '  N(O)I2(O)I ly(0)l d0 + ~ NjlBj[ [y(tj)l. ly(t)l 
d, k j f f i k+ l  
By the generalized inequality of Gronwall-Bellman for piecewise continuous functions [10] we 
finally obtain 
[y(t)[ <~Nkly(tk +O)[ f l  
J f f i k+l  
where 
(1 +Sjl/i~jl)exp N(O)l.4(O)ldO ~<Nkly(tk+0)l, 
k 
Y~kffiNk (1 +Nj l~j l )exp ~(O)ldO • 
j f k+ l  
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The infinite product l'I;°= k+ i(l + Nil B j I) is convergent since the series Z;°= k+, Nil ~[jl is convergent, 
i.e. the number 2~k is correctly defined. Hence equation (8) is stable. 
Corollary 1 
Let equation (1) be stable and let 
ttk + I sup I A (O)l dO < ~.  
k k 
If 
~ttk + I Nk I.,i(O)l dO < 
kffi0 k 
then the perturbed equation (8) is stable. 
and 
j= l  
The assertion follows immediately from Proposition 8 in view of equation (6). 
Proposition 9 
Let equation (1) be uniformly stable, If 
1,4(0)1 dO < oo and IBjl < oo, 
0 j~t  
then the perturbed equation (8) is uniformly stable. 
Proof. Let t ~>s and let t e[tm + 0, tin+l] , S 6[tk"FO, tk+l], m >~k. Let y(t) be a solution of the 
perturbed equation (8) defined in the interval [tk + O, + ~), k = O, 1, 2 . . . . .  Then 
y(t) = X(t, s)y(s) + f t  X(t, O)A(O)y(O) dO + ~ X(t, tj + O)~y(tj). 
Js j=k+t 
In view of Proposition 7 we estimate the solution y(t): f' ly(t)l<~Nly(s)l+ NIA(O)IIy(O)IdO+ ~ NIBjlly(tj)I. 
j f f i k+ l  
By the generalized inequality of Gronwall-Bellman [10] 
(f; ) ly(t)l<~Nly(s)l f l  ( l+NIBjl)exp N ~i(O)ldO ~<gly(s)l, jffik+l 
where 
(f; ) 2~ffiN (1 +Nl~jl)exp N I~(0)d0 . 
j - I  0 
The definition of the constant .~ is correct since the infinite product and the integral are convergent. 
Hence equation (8) is uniformly stable. 
Remark 4 
The weak uniform stability is destroyed under small perturbations of the impulse matrices. For 
instance, for an arbitrarily small perturbation of the impulse Bt in Example 1 the equation is no 
longer weakly stable with respect o the space Lt. 
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